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It is shown that in an AW*-algebra a sequence of automorphisms which 
converges simply converges in norm. More generally, this is shown to hold in 
the quotient of an AW*-algebra by a closed two-sided ideal. A similar result 
holds for derivations. Kallman had previously demonstrated this in a W*- 
algebra (he assumed countable decomposability or finiteness), but his methods 
are not applicable to quotients of a W*-algebra. 
I. In which Banach algebras does simple convergence of a 
sequence of automorphisms imply convergence in norm? 
We shall show that this happens in an AIV*-algebra, and more 
generally in the quotient of an A IV*-algebra by a closed two-sided 
ideal. (An AW*-algebra is a C *-algebra in which every left annihilator 
is the left ideal generated by a projection; see [5].) 
2. LEMMA. Let A be an A W*-a&ebra, and Zet (e, , e2 ,...) be a 
sequence of mutually orthogonal projections in A. Let (8, , 8, ,...) be a 
bounded sequence of linear maps from A into a normed space such that 
for every KC (1,2,...}, e,(&,& converges to zero. Then B,(e,) 
converges to zero uniformly in k. 
3. The proof of 2 is constructed without difficulty from the 
following result of Phillips [6, Lemma 3.31. 
LJLMMA. If (fi,, /% Y-) is a bounded sequence of jinitely additive 
complex-valued measures on the collection of all subsets of {l, 2,...}, 
such that B,(K) converges to zero for each KC (1, 2,...), then 
converges to zero. 
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4. THEOREM. Let A be un A W*-algebra, and let (& , & ,...) 
be a sequence of automorphisms ofA. Suppose that 11 #,x - x 11 converges 
to zero for each x in A. Then I/ 4, x - x 11 converges tozero uniformly for 
II xII G 1. 
Proof. Consider the case that A is commutative. Then for each 
projection e, eventually #,e = e. Hence, if the conclusion of the 
theorem is false, after passing to a subsequence we have for mutually 
orthogonal projections e, , ea ,..., 11 &en - e, II 3 1, n = 1, 2, . . . . 
By 2, with en = 4, - 1, this is impossible. 
If A is not commutative, the previous paragraph at least shows that 
we may suppose that I#, - 1 is zero on the centre of A, n = 1,2,... . 
Consider the finite type I part of A. On each homogeneous 
summand, 4, converges in norm. If this convergence is not uniform 
over all summands, there exist projections e,, es ,... in distinct 
summands and E > 0 such that after passing to a subsequence we have 
11 4nen - e, 11 > E, n = 1, 2 ,... . Again by 2 this is impossible. 
We are left with the case that A has no finite ype I summand. Then 
there exist mutually orthogonal projections e,, ea ,... such that for 
each i = 1, 2,..., eiis equivalent to 2-i; i.e., there exist 2i projections 
with sum 1 each equivalent to ei . It is clear that for each i = 1, I&..., 
the restriction of & to eiAe, converges in norm if and only if 4, 
converges in norm. Hence if 4, does not converge in norm there exist 
projections fi , fi ,... inside distinct e&lei’s and E > 0 such that after 
passing to a subsequence we have 1) 4, f, - fn II > E, n = 1, 2,... . 
Again by 2 this is impossible. 
5. THEOREM. Let A be an A W*-algebra, let J be a closed two- 
sided ideal of A, and let (q$ , & ,...) b e a sequence of automorphisms of
A/J. If II 4s - x II converges tozero for each x in A/J, then it converges 
unzjormly for 11 x (I < 1. 
Proof. Let rr denote the canonical surjection from A to A/J. It is 
enough to show that 4, 0 7~ - rr converges uniformly to zero on the 
unit ball of A. The proof of this is identical to that of 4 with I& replaced 
by tin 0~3 and 4, - 1 by $,o rr - 7~. 
6. Remarks. 6.1. From Theorem 4 it follows that a one-para- 
meter group of automorphisms of an A W*-algebra is norm continuous 
if it is continuous in the topology of simple convergence. This was 
proved by Kallman [3, Theorem 3.4 and 4, Theorem l] for the case 
of a von Neumann algebra having countably decomposable properly 
infinite part. As a matter of fact, Kallman’s argument can be modified 
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to avoid this countability restriction; it is enough to know that the unit 
ball is a Baire space in the weak topology (instead of the strong), 
and, in fact, in this topology it is compact. Kallman’s argument (with 
this modification) yields an alternative proof of Theorem 4 for a von 
Neumann algebra with no finite type I part. However, the weak (or 
strong) topologies may not be available in an A W*-algebra. Kallman’s 
methods do not seem to yield Theorem 5 even for a von Neumann 
algebra. 
6.2. Whereas the proof of Theorem 4 in the noncommutative 
case uses facts which seem to require the full force of the AW*- 
algebra axioms, the proof in the commutative case is valid for an 
N,-A W*-algebra. Since a commutative $-A W*-algebra need not 
have a unit, Theorems 4 and 5 are not complete. There does seem 
to be some indication though that a C*-algebra in which the two 
notions of sequential convergence of automorphisms coincide is either 
of finite linear dimension or nonseparable (cf. [2], and also [l, 
section 5, Corollary 11). At least this is so if the algebra is primitive 
without unit, or has a separated primitive spectrum and an infinite 
number of primitive ideals of codimension strictly greater than one. 
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